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Context

Motivation

Study of the physical properties of materials used to buildfunctional devices
(transducers, sensors or actuators)

Microstructural control for the enhancement of the devices e�ciency (i.e ability to
convert di�erent forms of energy)

Examples : multilayered or particulate microstructures

Single or polycristalline layered compounds and matrix-�ber composites

) Modelling of the e�ective properties of microstructured functional materials
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Context

Multi�eld coupling behaviour

Multi�eld coupling : Dependence between �elds of di�erent nature (mechanical,
electrical, magnetic etc.)

Constitutive law considered :Linear relation between sets ofdivergence-free�elds
and curl-free �elds

Example : case of electroelasticity (piezoelectric material)
(

� = C : " � T e:E

D = e : " + 
 :E

Fields : Elastic stress� and strain " { Electric �eld E and induction D

Principal properties: Elasticity (C) and dielectric permittivity (
 )

Cross-property: Piezoelectricity (e)
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Context

Current modelling approaches

Asymptotic homogenization: Closed-form expressions for periodic microstructures
with simple unit-cells (regular distribution of inclusions or layered phases)
(Bravo-Castillero et al. 1998, 2001, 2009 { Sabinaet al. 2001)

Variational bounds: Classical and Hashin-Shtrikman variational principles(Bisegna
and Luciano, 1996, 1997 { Hori and Nemat-Nasser, 1998 { Li and Dunn, 2001)

Mean-�eld approaches: Estimates based on a statistical description of the
microstructure (Dunn and Taya, 1993 { Huang and Kuo, 1996)

Full-�eld modelling : Finite-element method applied for various microstructures and
boundary-conditions(Pettermann and Suresh, 2000 { Berger et al. 2003,2006 { Uetsuji et
al. 2004 { Kar-Gupta and Venkatesh 2008)
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Context

Proposal

Fast Fourier transform (FFT) based numerical methods compare wellwith FE
modelling for linear and nonlinear uncoupled behaviours (elasticity, plasticity,
electrical or thermal conductivity, di�usion etc.)
(Moulinec and Suquet, 1998, 2003; Eyre and Milton, 1999; Michel et al. , 2001; Lebensohn,
2001; Idiart et al. , 2009 . . . )

Main features

X Makes use of the digital image of the
microstructure (i.e voxel discretization)

X Computation time scales with N log N

X Iterative method exhibiting fast convergence

) Extension of the FFT method to multi�eld coupling behaviours
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FFT-based numerical scheme for coupled properties Recall: FFT method for elasticity / plasticity
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FFT-based numerical scheme for coupled properties Recall: FFT method for elasticity / plasticity

Periodic elastic problem

Unit-cell with periodic boundary conditions on@


Displacement �eld on @
 : u(x) = " :x + u? (x) with u? #
Tensile vector on @
 : � :n -#

Problem : Find u(x) , 8x 2 
, such that
8
>><

>>:

Potentials: " = 1
2 (grad u + T grad u)

Local law: � (x) = C(x) : " (x)
Equilibrium: div � = 0
Boundary conditions: u? # and � :n -# ; 8x 2 @
 :

By introducing a homogeneous reference mediumC0, the equilibrium
condition read

�
div (C0 : grad u) + f 0 = 0
f 0 = div � ; � = � C : grad u.

By using the Green's function method, the solution can be obtained as

" (x) = " � � 0 � � (x) F�! "̂ (� ) = � �̂ 0(� ) : �̂ (� )
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FFT-based numerical scheme for coupled properties Recall: FFT method for elasticity / plasticity

Numerical implementation(Moulinec and Suquet, 1994, 1998)

Voxel discretization of the microstructure

Choice of the reference elastic mediumC0

Iterative procedure

Algorithm

Initialize: " (xg ) = " ; 8xg

Iterate:

1 � (xg ) = C(xg ) : " (xg )

if convergence reached�! stop

2 � (xg ) = � (xg ) � C0 : " (xg )

3 � (xg )
F

�! �̂ ( � g )

4 "̂ ( � g ) = � �̂ 0(� g ) : �̂ ( � g ); 8� g 6= 0 ; "̂ (0) = "

5 " (xg )
F � 1
 � "̂ ( � g )
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FFT-based numerical scheme for coupled properties Recall: FFT method for elasticity / plasticity

Illustrative example: 3D elastoplastic polycrystal

Microstructure: 3D Vorono•� tesselation
of 500 grains with random crystalline
orientations

Constitutive law of the single crystal:
Anisotropic elasticity and
rate-independent plastic slip obeying
the Schmid law

Macroscopic loading:Uniaxial tensile
stress state up to" = 10 � 2

E�ective response by FFT
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FFT-based numerical scheme for coupled properties Recall: FFT method for elasticity / plasticity

Illustrative example: 3D elastoplastic polycrystal

Strain �eld in the elastic regime (" = 10 � 4)

X Characteristic length of the �eld 
uctuations is the grain size

X Slight asymmetry of the distribution

RB, R. Lebensohn, O. Castelnau,Int. J. Solids Struct. , 2009
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FFT-based numerical scheme for coupled properties Recall: FFT method for elasticity / plasticity

Illustrative example: 3D elastoplastic polycrystal

Strain �eld in the plastic regime (" = 10 � 2)

X Strain localization bands at� 45� spreading over many grains (see
experimental observations(Doumalin, 2000 { Moulart et al. , 2009))

X Strong asymmetry of the distribution
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FFT-based numerical scheme for coupled properties Extension to electroelasticity
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FFT-based numerical scheme for coupled properties Extension to electroelasticity

Periodic electroelastic problem (I)

Unit-cell with periodic boundary conditions on@


Displacement �eld on @
 : u(x) = " :x + u? (x) with u? #
Tensile vector on @
 : � :n -#

Electric potential on @
 : � (x) = � E:x + � ? (x) with � ? #
Electric charge on @
 : D:n -#

Problem : Find u(x) and � (x) 8x 2 
, such that
8
>>>>>><

>>>>>>:

Potentials: " = 1
2 (grad u + T grad u); E = � grad �

Local laws: � (x) = C(x) : " (x) � T e(x):E(x)

D(x) = e(x) : " (x) + 
 (x):E(x)

Equilibrium: div � = 0 ; div D = 0

Boundary conditions: u? ; � ? # and � :n; D:n -# ; 8x 2 @
 :
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FFT-based numerical scheme for coupled properties Extension to electroelasticity

Periodic electroelastic problem (II)

By introducing an homogeneous medium withuncoupled propertiesC0 and

 0, the equilibrium conditions read

(
div (C0 : grad u) + f 0 = 0 ;

div (
 0:grad� ) � q0 = 0

with (
f 0 = div � ; � = � C : grad u + T e:grad�

q0 = div P; P = e : grad u � � 
 :grad� .

By using the Green's function method, the solution can be obtained as

" (x) = " � � 0 � � (x) F�! "̂ (� ) = � �̂ 0(� ) : �̂ (� )

E(x) = E � � 0 � P(x) F�! Ê(� ) = � ^� 0(� ):P̂(� )
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FFT-based numerical scheme for coupled properties Extension to electroelasticity

Remarks

Strain " and electric �eld E are solutions ofcoupled Lippmann-Schwinger equations
(system of coupled linear integral equations)

Use is made of the Green operators� 0 and � 0 corresponding to the uncoupled
properties, respectively elasticity and dielectric permittivity

The multi�eld coupling only appears in the polarization �elds� and P, functions of
the solution �elds " and E

Iterative resolution with anaugmented Lagrangian scheme(Michel et al. , 2001)
adapted to multi�eld coupling behaviours(RB, Z. angew. Math. Phys., 2010)

X Compatibility of the strain and electric �elds are enforced

X Convergence ensured for an in�nite contrast on the local properties
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Applications for piezoelectric materials Electroelastic constitutive law
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Applications for piezoelectric materials Electroelastic constitutive law

General anisotropy

The constitutive behaviour is de�ned by the elastic tensorC, dielectric tensor 

and piezoelectric tensore

[C] =

2

6
6
6
6
6
6
4

C1111 C1122 C1133
p

2C1132
p

2C1131
p

2C1121

C2211 C2222 C2233
p

2C2232
p

2C2231
p

2C2221

C3311 C3322 C3333
p

2C3332
p

2C3331
p

2C3321p
2C2311

p
2C2322

p
2C2333 2C2332 2C2331 2C2321p

2C1311
p

2C1322
p

2C1333 2C1332 2C1331 2C1321p
2C1211

p
2C1222

p
2C1233 2C1232 2C1231 2C1221

3

7
7
7
7
7
7
5

;

[e] =

2

4
e111 e122 e133

p
2e123

p
2e113

p
2e112

e211 e222 e233
p

2e223
p

2e213
p

2e212

e311 e322 e333
p

2e323
p

2e313
p

2e312

3

5 ; [
 ] =

2

4

 11 
 12 
 13


 12 
 22 
 23


 13 
 23 
 33

3

5 :

Speci�c feature : Piezoelectricity is anintrinsically anisotropic property

Isotropic material ) e = 0 (odd order tensorial property)
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Applications for piezoelectric materials Electroelastic constitutive law

Transverse isotropy

The constitutive behaviour is de�ned by5 elastic constants,3 piezoelectric con-
stants and2 dielectric constants) 10 moduli

[C] =

2

6
6
6
6
6
6
4

C1111 C1122 C1133 0 0 0
C2211 C1111 C1133 0 0 0
C3311 C3311 C3333 0 0 0

0 0 0 2C2332 0 0
0 0 0 0 2C2332 0
0 0 0 0 0 2C1221

3

7
7
7
7
7
7
5

;

[e] =

2

4
0 0 0 0

p
2e113 0

0 0 0
p

2e223 0 0
e311 e322 e333 0 0 0

3

5 ; [
 ] =

2

4

 11 0 0
0 
 11 0
0 0 
 33

3

5 :

with the axis of transverse isotropy parallel tox3.
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Applications for piezoelectric materials Layered composites
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Applications for piezoelectric materials Layered composites

PZT-epoxy laminate

Laminate composite made ofpiezoelectric PZT ceramicand elastic epoxy polymer

Comparison with the analytic solutionfor transversely isotropic phases
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Applications for piezoelectric materials Layered composites

PZT-epoxy laminate

Let x3 the direction of transverse isotropy andx2 the direction of lamination

For a unitary macroscopic loading" 23 and E2, the analytical solution reads
(Benveniste and Dvorak, 1992)

" (r )
23 = A(r )

" " 23 + B (r )
" E2;

E (r )
2 = A(r )

E " 23 + B (r )
E E2:

Electric and mechanical �elds areuniform within each layer

FFT results coincide with the analytic solution
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Applications for piezoelectric materials Fibrous composites
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Applications for piezoelectric materials Fibrous composites

PZT �bers in epoxy matrix

Square array of parallel PZT �bers (60% vol. fraction)

Comparison with FEM studies(Pettermann and Suresh, 20001 { Berger et al. , 20062)

FFT FEM1 FEM2

eC11 25.11 25.16 25.14
eC12 8.57 8.73 8.68
eC13 11.78 11.85 11.83
eC33 54.46 54.61 54.52
eC44=2 6.63 6.68 6.64
eC66=2 4.62 4.64 4.64
ee31 -0.20 -0.20 -0.20
ee33 6.43 6.45 6.45
ee15=

p
2 0.052 0.052 0.052

e
 11 0.157 0.158 0.157
e
 33 1.277 1.282 1.280

Very good agreement for the e�ective principal and cross-moduli
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Applications for piezoelectric materials Fibrous composites

PZT �bers in epoxy matrix

Spatial distribution of the local �elds

Case of an imposed macroscopic loadingE1 (in-plane electrical �eld)

Almost uniform �elds within the �bers

Low electrical �eld in the PZT ceramic �bers (high permittivity) and
high shear strain at the interface

RB, Phys. Rev. B, 2009
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Applications for piezoelectric materials Fibrous composites

PZT �bers in epoxy matrix

Comparison with experimental data
(Chan and Unsworth, 1989)

Electrically-induced local strain �eld

N.B: Piezoelectric modulied = eC
� 1

: T ee links the electric and strain �elds.

Good agreement with experimental measurement ofed33
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Applications for piezoelectric materials Porous composites
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Applications for piezoelectric materials Porous composites

Porous BaTiO3 ceramic

Square array of parallel cylindrical holes in a piezoelectric ceramic

Comparison with asymptotic homogenization(Bravo-Castillero et al. , 2009)

X In�nite contrast

X Perfect match for a wide
range of porosity value

RB, Z. angew. Math. Phys., 2010
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Applications for piezoelectric materials Porous composites

Porous BaTiO3 ceramic

In
uence of the 3D shape and distribution of the pores

Higher decrease of the axial piezoelectric coe�cientee33 for randomly
distributed spherical pores
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Summary

FFT-based numerical method has been applied toheterogeneous multi�eld coupling
behaviour

Proposal of an e�cient scheme which relies on theuncoupled Green operatorsand
can handle the case of anin�nite contrast

Numerical computations have been compared with success toanalytical solutions,
FE resultsand experimental measurements

Complex 3D microstructures can be easily considered (voxel discretization) and the
method exhibits fast convergence

Nonlinear properties can be tackled with the same iterative procedure
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Prospects

Polycrystalline piezoelectric bulk materials and thin �lms

Multiple coupled linear properties (magneto-electro-elasticity, for instance)
which are of interest in the context of multiferroic materials

Nonlinear behaviour of polycrystalline ferroelectric ceramics
(domain switching, hysteresis loop etc.)
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