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Context

Context

Multiferroic materials exhibit simultaneously ferroelectricity and ferromagnetism

X Unusual physical property:magnetoelectric coupling

Magnetic �eld H =) Electric polarizationP

Electric �eld E =) Magnetization M

Potential applications: information storage, multiple-state memories,
magnetic-electric actuators and sensors

Limitation: Single-phase compound exhibit a weak inherent coupling

Development of multiferroic composites

) ferromagnetic and ferroelectric multilayers and nanocomposites
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Context

Heterogeneous materials based on perovskite oxides

Study of the magneto-electro-elastic properties of multiferroic composites

Thin �lms and multilayers materials

Alternative layers of ferroelectric
and ferromagnetic compounds

Nanostructured monolayer materials

Magnetic/ferroelectric
ordered domains

Ferromagnetic columns
in a ferroelectric matrix
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Experimental investigations

Near �eld microscopy study of ferroelectric thin �lms

Static study of piezoelectric propertiesby local probe underapplied electric �eld

) Measure of the piezoelectric coe�cient normal to the surface of the thin �lm

Next steps: study of coupling in multiferroic thin �lms

Piezoelectric properties under applied magnetic �eld

Magnetic properties under electric / magnetic �elds
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Experimental investigations

A simple analysis of clamped ferroelectric thin �lm

Assumptions

Homogeneous �lm (i.e single crystal)

Rigid substrate and perfect bonding

) Uniform deformation of the �lm
) Simple analytic expression of the
piezoelectric coe�cient
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Experimental investigations

A simple analysis of clamped ferroelectric thin �lm

Results

Variation of the normal piezoelectric coe�cient with respect to the crys-
talline orientation

{ Free �lm (i.e bulk) { Clamped �lm
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Experimental investigations

Shortcomings of the analysis

Typical microstructure of thin �lms : epitaxial growth of columnar grains

Cross-sectional TEM view of a thin �lm (Faurie et al. , 2006)

The polycrystalline natureof the �lm is not considered

) Need to take into account its morphological and crystallographic texture

Rough description of the�lm{substrate interaction
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Shortcomings of the analysis

Typical microstructure of thin �lms : epitaxial growth of columnar grains

Cross-sectional TEM view of a thin �lm (Faurie et al. , 2006)

The polycrystalline natureof the �lm is not considered

) Need to take into account its morphological and crystallographic texture

Rough description of the�lm{substrate interaction

... More advanced modelling is required
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Numerical homogenization scheme for coupled properties

Goal

Computation of the local �elds and the e�ective responsefor a heterogeneous
medium exhibiting coupled constitutive law

Complex microstructure (e.g polycrystal)

Proposal

To extend to multiferroic composites the Fast Fourier Transform (FFT)
method developed for uncoupled behaviours
(Moulinec and Suquet, 1998; Eyre and Milton, 1999; Michel et al. , 2001)

X Use of the picture of the microstructure { CPU time/ N logN { Fast convergence
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Numerical homogenization scheme for coupled properties

FFT method for electro-elastic behaviour

Unit-cell with periodic boundary conditions@


Displacement �eld on @
 : u(x) = " :x + u? (x) avec u? #
Tensile vector on @
 : � :n -#

Electric potential on @
 : � (x) = � E:x + � ? (x) with � ? #
Electric charge on @
 : D:n -#

Problem : Find u(x) and � (x) 8x 2 
, such that
8
>>>>>><

>>>>>>:

Potentials: " = 1
2 (grad u + T grad u); E = � grad �

Local laws: � (x) = C(x) : " (x) � T e(x):E(x)

D(x) = e(x) : " (x) + 
 (x):E(x)

Equilibrium: div � = 0 ; div D = 0

Boundary conditions: u? ; � ? # and � :n; D:n -# ; 8x 2 @
 :

(1)
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Numerical homogenization scheme for coupled properties

FFT method for electro-elastic behaviour

By introducing a homogeneous reference mediumC0, 
 0 et e0, the equili-
brium conditions read

(
div (C0 : grad u + T e0:grad� ) + f 0 = 0 ;

div (e0 : grad u � 
 0:grad� ) + q0 = 0
(2)

with (
f 0 = div � ; � = � C : grad u + T � e:grad�

q0 = div P; P = � e : grad u � � 
 :grad� .
(3)

By using the Green's function method, the solution can be obtained as

" (x) = " � � 0 � � (x) � T � 0 � P(x) FFT�! "̂ (� ) = � �̂ 0(� ) : �̂ (� ) � T �̂ 0(� ):P̂(� )

E(x) = E + � 0 � � (x) + � 0 � P(x) FFT�! Ê(� ) = �̂ 0(� ) : �̂ (� ) + ^� 0(� ):P̂(� )
(4)

Brenner, Phys. Rev. B, 2009
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Numerical homogenization scheme for coupled properties

FFT method for electro-elastic behaviour

Remarks

" (x) and E(x) are solutions of a system of coupled integral equations
(coupled Lippmann-Schwinger equations)

The electroelastic Green's operators� 0, � 0 and � 0 are functions of
C0, 
 0 et e0

They have an analytic expression in Fourier space for whatever anisotropy of the
reference medium(Deeg, 1980; Wang, 1992; Levinet al., 1999)

For a vanishing coupling (e0 = 0), � 0 = 0 and the operators � 0 and � 0 coincide
with the standard Green's operators for elasticity and electrostatics

Magneto-electro-elastic behaviour (i.e multiferroic composite) can betreated by
using the same formalism with adequate Green's operators
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Numerical homogenization scheme for coupled properties

FFT method for electro-elastic behaviour

Algorithm

Initialisation: " (xg ) = " ; E(xg ) = E; 8xg

Iterate:

1 � (xg ) = C(xg ) : " (xg ) � T e(xg ):E(xg )

D(xg ) = e(xg ) : " (xg ) + 
 (xg ):E(xg )

if convergence reached�! stop

2 � (xg ) = � (xg ) � C0 : " (xg ) + T e
0
:E(xg )

P(xg ) = D(xg ) � e0 : " (xg ) � 
 0:E(xg )

3 � (xg ); P(xg ) F�! �̂ (� g ); P̂(� g )

4 "̂ (� g ) = � �̂ 0(� g ) : �̂ (� g ) � T �̂ 0(� g ):P̂(� g ); 8� g 6= 0 ; "̂ (0) = "

Ê(� g ) = �̂ 0(� g ) : �̂ (� g ) + ^� 0(� g ):P̂(� g ); 8� g 6= 0 ; Ê(0) = E

5 " (xg ); E(xg ) F � 1

 � "̂ (� g ); Ê(� g )
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Numerical homogenization scheme for coupled properties

Illustrative application : laminate composite

Electrical and mechanical �elds are uniform within each layer

Analytic solution for a two-phase piezoelectric laminate
with transversely isotropic phases
(Benveniste and Dvorak, 1992)
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Numerical homogenization scheme for coupled properties

Application : laminate composite

Let e3 the direction of transverse isotropy ande2 the direction of lamination

For a macroscopic loading" 23 and E2, the solution reads

" (r )
23 = A(r )

" " 23 + B (r )
" E2;

E (r )
2 = A(r )

E " 23 + B (r )
E E2:

(5)

FFT results coincide with the analytic solution.
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Numerical homogenization scheme for coupled properties

Application : �brous composite

Non piezoelectric matrix reinforced with parallel piezoelectric �bers on a square array
in the transverse plane

Determination of the e�ective moduli by considering six di�erentmacroscopic
loadings (" 11, " 33, " 23, " 12, E1 and E3)

Computation of the local �elds for a macroscopic loadingE1
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Numerical homogenization scheme for coupled properties

Application : �brous composite

Comparison on the e�ective moduli

FEM computations: Pettermann et Suresh, 2000; Bergeret al., 2006.

FFT FEM1 FEM2

�C11 25.11 25.16 25.14
�C12 8.57 8.73 8.68
�C13 11.78 11.85 11.83
�C33 54.46 54.61 54.52
�C44=2 6.63 6.68 6.64
�C66=2 4.62 4.64 4.64
�e31 -0.20 -0.20 -0.20
�e33 6.43 6.45 6.45
�e15=

p
2 0.052 0.052 0.052


 11 0.157 0.158 0.157

 33 1.277 1.282 1.280

Very good agreement with FEM studies

Few iterations required to convergence
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Concluding remarks

Concluding remarks

On-going development of an experimental and modelling approach for the
behaviour of multiferroic composites

FFT numerical method has been applied to describe the piezoelectric e�ect in
composites

Complex microstructures can be easily considered with this approach(polycristals,
for instance)

It can be applied to more general coupled behaviours (e.g magneto-electro-elasticity)

Other potential application: porous materials with electromechanicalcoupling
(Improved iterative scheme needed)
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